On an oriented Riemannian manifold, the Gauss-Bonnet-Chern formula asserts that the Pfaffian of the metric represents, in de Rham cohomology, the Euler class of the tangent bundle. Hence, if the underlying manifold is compact, the integral of the Pfaffian is a topological invariant; namely, the Euler characteristic of the manifold.
Introduction
In what follows, X will always denote a compact and oriented smooth manifold.
Let g be a pseudo-Riemannian metric on X and let R denote its curvature tensor. If we consider the former as a 1-form with values on 1-forms, and the latter as a 2-vector with values on 2-vectors, then g 2k := g∧ 2k . . . ∧g and R k := R∧ k . . . ∧R are sections of Λ 2k T * X ⊗ Λ 2k T * X and Λ 2k T X ⊗ Λ 2k T X respectively. If c stands for the contraction operator:
that matches the first 2k-indices of the first factor with the first 2k-indices of the second one, and the last 2k-indices with last 2k-indices, then, for any k ≥ 0, we can consider the following functions:
In even dimenion n = 2k, the top form P k Vol g , where Vol g denotes the volume form associated to the metric g, is called the Pfaffian of the metric.
Then, the so-called Gauss-Bonnet-Chern formula states that the Pfaffian P k Vol g represents, in de Rham cohomology, the Euler class of T X, for any Riemannian choice of g (see [11] ).
When combined with the Poincaré-Hopf theorem, there is an integral version of this fact, whose statement is more convenient for our purposes (see [7] ):
Theorem (Gauss-Bonnet-Chern): Let X be a compact and oriented smooth manifold of even dimension n = 2k.
For any pseudo-Riemannian metric g on X with signature (n + , n − ), it holds:
where χ(X) denotes the Euler characteristic of X.
The problem of the uniqueness of this formula was already considered in [5] and can be formulated in the following terms:
Let M etrics and F unctions denote the sheaves of pseudo-Riemannian metrics and functions over X, respectively. A morphism of sheaves L : M etrics → F unctions is called a differential invariant if it is smooth and natural (Definition 2.1). It is homogeneous of weight w ∈ Z if L(λ 2 g) = λ w L(g), for any metric g and any real number λ ∈ R. For example, the functions P k defined above are differential invariants, homogeneous of weight −2k.
For any fixed dimension, the vector space of differential invariants is independent of the underlying manifold; i. e., any such a L is is defined over any smooth manifold of the fixed dimension.
So, let L be a homogeneous differential invariant in dimension n, and suppose the following hypothesis:
(H) There exists a compact and oriented smooth manifold X of dimension n such that:
X L(g)Vol g is a non-zero number, independent of the metric g on X.
Then, the question is whether it necessarily follows the existence of µ ∈ R such that:
as cohomology classes in H n (X, R) (i. e., modulo exact forms), for any metric g. This question was first solved affirmatively by P. Gilkey in [5] , where he assumed that L was a polynomial differential operator; i. e., a polynomial function L : J k M → R on the space of k-jets of metrics, for some k ∈ N. Later on, Gilkey himself relaxed this hypothesis ( [6] ), by simply requiring L to be a smooth function L :
In this paper, we go another step further in this direction, by only assuming L to be a morphism of sheaves L : M etrics → F unctions.
Thus, we prove:
is a non-zero number, independent of the metric g on X.
Then, n = 2k is even, and there exists µ ∈ R such that:
for any metric g on any smooth manifold of dimension n.
To prove this result, we use standard machinery from the theory of natural operations ( [13] , [14] ), as well as recent computations regarding certain dimensional identities of the curvature ( [9] , [12] ).
Finally, let us also mention that the proof presented here, that follows ideas initiated by Gilkey-Park-Sekigawa, takes advantadge of the relation between dimensional curvature identities and variationally trivial lagrangians. The long-standing DeserSchwimmer conjecture, which is a similar problem to that addressed here but where hypothesis (H) is modified by saying that X L(g)Vol g is independent of the conformal class of g, was finally established with an overwhelmingly lengthy proof ([1], [2] ). In our opinion, the ideas of Gilkey-Park-Sekigawa may also shed some light on this topic.
Universal tensors
Fix a dimension n ∈ N.
Let X be a smooth manifold of dimension n, and let p-T ensors and M etrics denote the sheaves of p-covariant tensors and pseudo-Riemannian metrics of a fixed signature (n + , n − ), respectively. Definition 2.1 A p-covariant, natural tensor in dimension n, associated to metrics of signature (n + , n − ), is a morphism of sheaves
• It is smooth: if {g t } t∈T is a smooth family of metrics on an open subset U ⊂ X, parametrized by a smooth manifold T , then {T (g t )} t∈T is also a smooth family of tensors.
• It is natural: for any local diffeomorphism τ : U → V between open sets of X, it holds:
A natural tensor T is homogeneous of weight w ∈ R if, for any metric g and any positive real number λ > 0, it holds:
Natural tensors do not depend on the underlying manifold X, neither on the fixed signature of the metrics: the vector space of homogeneous natural tensors associated to Riemannian metrics in R n is canonically isomorphic to the space of homogeneous natural tensors associated to non-singular metrics of signature (n + , n − ) over an arbitrary smooth n-dimensional manifold X.
Consequently, the R-vector space of homogeneous natural tensors in dimension n will be denoted:
Example 2.1 If p = 0, natural 0-tensors are also called differential invariants. The expressions P k defined in the introduction are examples of differential invariants:
Observe that each of them is defined for any dimension n, so that they are in fact natural in a slightly stronger sense, that is explained below.
Let (X, g) be an (n − 1)-Riemannian manifold, and consider the cylinder (X × R , g + dt 2 ), which is an n-dimensional Riemannian manifold. Let i denote the embedding by the equator:
Definition 2.2
The dimensional reduction of natural tensors is the linear map:
, it is not difficult to check that r n (T ) is a natural tensor in dimension n − 1.
Moreover, as λ 2 g + dt 2 and λ 2 g + λ 2 dt 2 are related by an isometry that is the identity on X,
so that r n (T ) is also homogeneous of weight w. Therefore, these dimensional reduction maps establish a projective system:
Definition 2.3
A p-covariant universal tensor, homogeneous of weight w, is an element of the inverse limit
In other words, a universal tensor is a collection of natural tensors {T n } n∈N , where each T n is a natural tensor in dimension n, satisfying that, for every manifold X of dimension n 1 and every embedding into a cylinder i : X → X × R n2 , x → (x, 0), where R n2 is endowed with the euclidean metric, it holds
Example 2.2 For any fixed λ ∈ R, the tensor λg is a universal tensor. However, (tr Id) g, (−1) dim X g or (−1) n+ g are not universal tensors. The Riemann-Christoffel tensor R, the Ricci tensor or the scalar curvature are also examples of universal tensors. Example 2.3 For any k ≥ 0, the differential invariant defined in the introduction:
is universal, for it is obtained contracting indices of the curvature with indices of a universal tensor ( [12] , Lemma 1.7). Its local expression may be written as follows: Example 2.4 With the notations of the above example, let us define, for any k ≥ 0, the 2-covariant universal tensor:
Analogously, each S 2,k is indeed a universal tensor, with local expression:
Dimensional identities
Let us now focus our attention on natural tensors with p = 2 indices. First of all, let us recall that, if T ∈ T 2,w is such a 2-covariant tensor, homogeneous of degree w, then w has to be an even integer, lesser or equal than 2 ([12], Section 1.2.1); that is:
for some k ≥ 0.
On the other hand, a 2-covariant, curvature identity in dimension n, homogeneous of weight w is an element of the projective space associated to the following vector space:
We will make essential use of the recent computation of some of these kernels: [12] ) For any fixed weight w = 2 − 2k, with k ≥ 1, the following holds:
• If n ≥ 2k + 1, there are no dimensional curvature identities; i.e.:
for n ≥ −w + 3 .
• If n = 2k, the only dimensional curvature identity is the vanishing of S 2,k :
Some lemmas from variational calculus
Let X be oriented, and let Vol g denote the volume form associated to a metric g. Any differential invariant L : M etrics → F unctions can be plugged into a lagrangian density L(g)Vol g .
Standard techniques from the calculus of variations (e. g. [3] ) allow to construct an Euler-Lagrange tensor E out of any lagrangian density. As X is oriented, the Euler-Lagrange tensor of a lagrangian density can be identified with a 2-covariant tensor E(L) g on X:
The construction of the Euler-Lagrange tensor is natural and homogeneous, in the sense that the following squares commute ( [3] , Lemma 2.3):
That is to say,
defines a linear map between the space of differential invariants, homogeneous of weight w, and that of universal 2-tensors, homogeneous of weight w + 2:
Loosely speaking, the value of the Euler-Lagrange tensor E(L) can be understood as the differential of the function:
In fact, it is not difficult to prove:
If X L(g)Vol g is independent of the metric g on which the integrand is evaluated, then its Euler-Lagrange tensor is identically zero; that is:
On the other hand, if there exists a metric such that X L(g)Vol g = X L(λg)Vol λg for any sufficiently small λ ∈ R + , then E(L) g = 0.
Next, we will use a standard lemma from the inverse theory of the calculus of variations ( [4] , Thm. 2.7). To state it, let V ectors denote the sheaf of smooth vector fields on X.
Lemma 3 If L and L
′ are differential invariants with the same Euler-Lagrange tensor, then there exists a smooth morphism of sheaves D : M etrics → V ectors such that, for any metric g:
Finally, the following is a classical computation that can be found, for example, in [10] :
Lemma 4 For any k ≥ 0, the Euler-Lagrange tensor of P k is (proportional to) the tensor S 2,k :
Characterization of the Gauss-Bonnet-Chern formula
Let us prove in this Section the announced characterizacion of the Gauss-BonnetChern formula. Firs of all, let us recall that elements of T 0,w , are smooth and natural morphisms of sheaves L : M etrics → F unctions, homogeneous of weight w, and which are defined for any dimension of the underlying manifold.
Theorem 2 Let L : M etrics → F unctions be a homogeneous differential invariant; i. e., an element of T 0,w .
Assume:
Then, n = 2k is even, and there exist µ ∈ R and a smooth morphism of sheaves D : M etrics → V ectors such that:
Proof: First of all, observe that, for any λ ∈ R,
so that, for the hypothesis to be held, the weight of L has to be −n. Hence, its Euler-Lagrange tensor E(L) is a universal 2-tensor homogeneous of weight 2 − n (Lemma 1):
E(L) ∈ T 2,2−n .
As the integral X L(g)Vol g does not depend on the metric, Lemma 2 implies that E(L) vanishes on dimension n; that is:
On the other hand, if i θ : X → X × S 1 denotes the inclusion x → (x, θ):
Therefore, when h = g + dθ 2 ,
so that, E(L) = 0 in T 2,2−n [n + 1] .
In other words, E(L) belongs to the kernel K 2,2−n [n] of the dimensional restriction r n+1 : T 2,2−n [n + 1] → T 2,2−n [n].
And Theorem 1 precisely computes this kernel:
That is to say, there exists µ ∈ R such that the following equality holds in
E(L) = µ S 2,k = 2 µ E(P k ) .
Finally, Lemma 3 then assures the existence of a smooth morphism of sheaves D : M etrics → V ectors such that, for µ = 2 µ:
